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We reinvestigate Yokoyama's gaugeon formalism for the spontaneously broken Abelian 
gauge theory. Within the framework of the covariant linear gauges, we give a general gauge- 
fixing Lagrangian which includes the gauge field, the Goldstone mode, the multiplier B-field 

. and Yokoyama's gaugeon fields (as well as Faddeev- Popov ghosts). As special choices of 

D ' the values of the gauge-fixing parameters, our theory includes the usual covariant gauges 

|Jh ' and R^-like gauges. Although some of the gauge-fixing parameters can be shifted by the 

QQ , g-number gauge transformation, the ^ parameter cannot be shifted in any of the R^-like 

^ ■ gauges. 

\ §1. Introduction 

(N ; 

■ In the standard formalism of canonically quantized gauge theories/^^^^ we do 

\ not consider tiie gauge transformation on tiie quantum level. There is no quantum 

' gauge freedom, since the quantum theory is defined only after the gauge fixing. 

. Yokoyama's gaugeon formalism^^"^) provides a wider framework in which we can 

\ consider the quantum gauge transformation, q-number gauge transformation, among 

' a family of Lorentz covariant linear gauges. In this formalism, a set of extra fields, so- 

^ • called gaugeon fields, is introduced as the quantum gauge freedom. This formalism 

D I was proposed for quantum electrodynamics,^^' ^-^ spontaneously broken U{1) gauge 

' theory,^) spontaneously broken chiral U{\) gauge theory*^ and Yang-Mills gauge 

J> . theory.^) Owing to the quantum gauge freedom, it becomes almost trivial to check 

^ \ the gauge parameter independence of the physical 5-matrix.^) 

\^ ' BRST symmetric theories of this formalism have been also developed for quan- 



tum electrodynamics, ^^^"^^^ Yang-Mills theory^'')' and the spin-3/2 Rarita-Schwinger 
gauge field. ^^-^ By virtue of the BRST symmetry, Yokoyama's physical subsidiary 
conditions have been improved; ^'^^^^'^^ the Gupta-Bleuler-type subsidiary conditions 
are replaced by a single Kugo-Ojima-type condition.^)' The BRST symmetry is 
also very helpful to define the gauge invariant physical Hilbert space.^^^'^^-*'^^^ 

In this paper we apply the BRST symmetric gaugeon formalism to the Higgs 
model.^^)'^'^) The gaugeon formalism of this model was first studied by Yokoyama 
and Kubo.^^ In their theory, the unphysical Goldstone boson mode appears as a 
massless dipole field; corresponding standard formalism is the theory of the usual 
covariant gauge. '^^^ Thus, their theory does not include other types of gauges, 
such as R^ gauge,^*^-*'^^^ where the Goldstone boson mode becomes massive. The 
main purpose of the present paper is to construct a gaugeon formalism for the Higgs 
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model which includes both the usual covariant gauges and R^-like gauges. In the 
R^-like gauges, we also explore the possibility that the ^ parameter might be shifted 
by the g-number gauge transformation. 

In §2 we briefly review the Lorentz covariant quantization of the Higgs model; 
the theory in the usual covariant gauge (Lorenz gauge), the gaugeon formalism cor- 
responding to this Lorenz gauge by Yokoyama and Kubo,^^ and the theory of R^- 
gauges by Fujikawa, Lee and Sanda and by Yao. In §3 we consider the most general 
gauge-fixing Lagrangian which consists of the gauge field, the Goldstone mode, the 
multiplier field and the gaugeon fields. The Lagrangian has seven gauge-fixing pa- 
rameters. As a special choice of the values of the parameters the theory would be 
equivalent ,for example, to the gaugeon formalism of the Lorenz gauge by Yokoyama 
and Kubo. By introducing two pairs of the Faddeev-Popov (FP) ghost fields to the 
general Lagrangian given in §3, we present a general form of the BRST symmetric 
gaugeon formalism for the Higgs model in §4; the theory has the BRST symmetry, 
and admits the g-number gauge transformation under which some of the gauge-fixing 
parameters change their values. In §5 we study the R^-like gauges of our theory. By 
choosing special values for the gauge-fixing parameters we show that our theory in- 
cludes a gaugeon formalism for the Yao's R^ gauge, where one of two gauge-fixing 
parameter of Yao's theory can be shifted by the g-number gauge transformation, 
while the other (^-parameter) cannot be shifted. We also show that, in more general 
case, the ^-parameter in any of the R^-like gauges cannot be shifted by the ^-number 
gauge transformation. §6 is devoted to a summary and discussion. The number of 
the conserved BRST-like charges in our theory is also discussed. 

§2. Higgs model 

The Lagrangian of the Higgs model is given by 

^ci = --/^.uF^^" + {d^^)Hd>'^) + /iVV - ^(^V)', (2-1) 

where F^i, = df^Ai, — d^A^ is the field strength of the Abelian gauge field A^, 93 is a 
complex scalar field, D^ip = (9^ — ieA^)ip , e is the charge of ip, and fi'^ and A are 
positive constants. The vacuum expectation value of ip is given by (0|(^|0) = vj\f2 = 
y7?/A, where we have adjusted the phase of ip so that the vacuum expectation value 
is real. 

The Lagrangian L^x is invariant under the gauge transformation, 

A^ ^ A^^d^A, (2-2) 
Lp{x) ^ e^"^(^'V(^)- (2-3) 

To quantize (j2-ip we should choose a suitable gauge by adding a suitable gauge- fixing 
term (and a corresponding Faddeev-Popov(FP) ghost term) to £ci- 
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2.1. Lorenz gauge 

The quantum Lagrangian in the usual covariant gauge (Lorenz gauge) is given 

byl7),18) 

Cf, = C,i + Bd^A^' + ^aB^, (2-4) 

where B is the multiplier S-field of Nakanishi-Lautrup/^' and the numerical con- 
stant a is the gauge-fixing parameter. The BRST symmetric version is obtained 
by adding FP ghost term to (j2-4p .^) The global U{1) symmetry remains unbroken 
in this gauge, and the massless Goldstone boson arises as an unphysical mode. In 
particular, this massless Goldstone boson appears as a dipole field except for the 
Landau gauge a = 0. 

2.2. gaugeon formalism for the Lorenz gauge 

By introducing the gaugeon fields Y and into (j2-4p . we get the Lagrangian of 
Yokoyama and Kubo:^-* 

£yk = ^ci + Bd^Af' + + Y,f - d^Y.d'^Y, (2-5) 

where e is a sign factor (e = ±1) and a is a numerical gauge-fixing parameter. 
The gauge- fixing parameter a in ()2-4p corresponds to ea"^: the propag atoiB {Af,A^) 
followed from (j2-5p is exactly the same with that followed from (j2-4p if we assume 
a = ec? . 

The Lagrangian (j2-5p admits a q-number gauge transformation. Under the field 
redefinition 

A^ = A^-r Td^Y, ^ = e'^-'^Lp, (2-6) 
% = Y^-tB, B = B, Y = Y, (2-7) 

with r being a numerical parameter, the Lagrangian is form invariant, that is, it 
satisfies 

^YK{(t>A,a) = CYK{4>A,a), (2-8) 
where cpA stands for any of the relevant fields and a is defined by 

a = a + T. (2-9) 

From the form invariance (j2-8p . it can be immediately shown that the fields <j)A and 
(pA satisfy the same field equations and the same commutation relations except for 
the parameter a which should be replaced by a for cpA- 

2.3. gauge 

The quantum Lagrangian of gauge of Fujikawa, Lee and Sanda^^^ is given by 
>Cfls = ^ci - I (^d^A'^ + ^Mx) (2-10) 

*-* In this paper, we use the symbol {4'a4>b) to denote free propagators in momentum represen- 
tation: {(t)A(t>B) = F.T.(O|r</>A(a;)0s(j/)|O), in the interaction picture. 
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in the Abelian case, where ^ is a numerical gauge-fixing parameter, M = ev de- 
notes the acquired mass of Af^ through the spontaneous symmetry breaking, and the 
hermitian field x is the Goldstone mode defined by 

^ = ^{v + ij + ix), (2-11) 

with being a physical Higgs mode. The global U (1) symmetry is also broken 
through this gauge fixing so that the Goldstone mode x acquires non-zero mass- 
squared M^/^. In particular, by taking the limit of ^ ^ 0, we can reach the unitary 
gauge. The BRST symmetric version of (j2-10p is discussed in the textbook by Kugo.'^^ 
Yao has discussed a similar gauge. His Lagrangian can be read in our notation 

as 



£Y.o = C,i + B(^df,A'' + ^X^ +^B\ (2-12) 



where ^ and ry are numerical gauge-fixing parameters. If we put ^ = rj, the Lagrangian 
(|2-12p becomes identical with ()2-10p . after eliminating the multiplier field B. 

Free propagators among A^, x and B fields followed from (j2T2p are given by 



(A A)- ^ (a +MlL\+M!L 



1 ^ (^-1 - 7]-^)M^ 



{A,x)=-i{C 



1 -In ^"/^At 



(p2 _ ^-1M2)5 



p2 _ ^^iM^ _ 1 (^-1 - r/-i)M2 

- (p2 _ ^-1M2)2 - p2 _ ^-1M2 + (p2 _ ^-1M2)2 ' 

M 

p2 -^-1M2' 

(BB) =0. (2-13) 



which shows the characteristic features of the gauge: 

1. for finite ^, the unphysical Goldstone mode x propagates with finite mass and 
the ultraviolet behavior of the propagator (A^A^) is 0(l/p2). 

2. in the limit of ^ ^ 0, the theory becomes that of the unitary gauge: the mass of 
the Goldstone mode becomes infinitely large and does not propagate any more, 
and the second term of {Af^A,^) vanishes so that (A^^A^) becomes the propagator 
of the Proca field (see Eq. ()4-45p ) whose ultraviolet behavior is 0(1). 

§3. General gauge fixing including gaugeon fields 

Now we consider the general gauge-fixing Lagrangian Cqf which includes gau- 
geon fields Y and Y^. To this end, we use a polar decomposition of (p field rather than 
(j2-lip . If we use the parameterization (j2-lip to construct a gaugeon formalism for 
the gauge, it is inevitable to introduce non-polynomial terms in the Lagrangian. 
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To avoid this, we use the following parameterization for (p: 

^(x) = i=(^; + p(x))e-W/^ (3-1) 

where hermitian fields p{x) and 7r(x) correspond to the fields ^/'(x) and x{x) of (|2-lip . 
respectively; 7r(x) is the Goldstone mode. In terms of these polar variables, Cd is 
expressed by 

£o, = - iF,„F- + 1m= (i + ^pf {a, - ^a^.y 

+ I (a^pBi'p - mV^) - imVAp' - ^p' + im\^ (3.2) 

where M = is the mass of and m = V Xv"^ is the mass of the Higgs boson p. 
The gauge transformation (j2-3p is now 

7r(x) 7r(x) + Myl(x), 

p{x)^p{x), (3-3) 
under which the Lagrangian (j3-2p is invariant. 

3.1. general gauge-fixing Lagrangian 

We impose the following conditions on the gauge-fixing Lagrangian Cqf: 

(a) Lorentz invariance. 

(b) quadratic in the fields A^, vr, B, Y and F*. 

(c) The mass dimensior0 of each term does not exceed four. For example, we do 
not include such terms as d^Y^d^ii, which has dimension five. Dimension six 
operators such as d^Bd'^Y^, are also excluded from £gf- 

(d) BRST invariance (by incorporating suitable FP ghost terms). This condition 
excludes those terms expressed as a product of two BRST parent fields, such 
as d^Yd^^Ti. 

The most general gauge-fixing Lagrangian satisfying these conditions can be written 
by 

£gf = - {ujid^B + u^d^Y,)A^' - {uj2d^B + u„d^Y,)d^'Y + {f3iB + f3^Y,)M7: 

+ {hB + /34K)M2y + iaiB^ + a2BY, + ^aglf , (3-4) 

where Wj, j3i and ai are numerical parameters. In order to ensure that the £gf 
properly fixes the gauge, these parameters should satisfy at least one of the following 
three conditions: 

UJlUJ/^ - UJ2^Z / 0, 

a;i/?4 + /3it^4 - W2/?3 - /32t^3 / 0, 

/?i/34 - /?2/?3 0. (3-5) 

*-* Note that the mass dimensions of B, Y, and Y are different from those of usual fields; B and 
y, have dimension two while Y has dimension zero. 
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If all these three condition are not satisfied, we cannot obtain the propagators from 
the Lagrangian Cc\ + >Cgf- 

If we put oji = LJ3 = and thus the first term of (j3-4p vanishes, then the gauge- 
fixing Lagrangian £gf leads to the unitary gauge, and thus the ultraviolet behavior 
of the propagators {A^A^) becomes 0(1) rather than 0(l/p^). To avoid this case, 
we assume that at least one of the parameters wi and u^, is not equal to zero, or 
equivalently, uji^ + / 0. 

Now we can consider the field redefinition of B and 



B'\ ^ (ioi LOS \ (B 
Yi U3 -001 \Y. 



(3-6) 



by which the first term of (j3-4p is transformed to —E'd^A^^; the matrix in (j3-6p is 
invertible because of the assumption + 7^ 0. Thus, without loss of generality, 
we can assume wi = 1 and = in (j3-4p owing to this field redefinition. 
Next, we consider the following field redefinitions: 

A'^ = A^+ L02df,Y, 

Tt' = TT + UJ2MY, (3-7) 

by which the second term of ()3-4p is transformed to —uj4d^Y^:d^Y , while Cc\ remains 
invariant. Thus, without loss of generality, we can put C(;2 = in ()3-4p . 

Here, we further assume that 004 = 1 from the following reason. If u;4 = (in 
addition to uj2 = 0), the second term of (j3-4p vanishes. Then, the field equations for 
the fields Y and Y^ become algebraic ones, and thus these fields should be eliminated 
from the Lagrangian. Namely, £gf no longer admits g-number gauge transforma- 
tions. To exclude this situation, we assume 104 7^ 0. With this assumption, Y can 
be rescaled as UJ4Y ^ y to absorb the parameter UJ4. In terms of the rescaled field, 
the value of UJ4 is equal to one. 

Our general gauge-fixing Lagrangian is now given by 

£gf = - d^BAf" - d^Y.d^'Y + iPiB + (33Y,)M7r 

+ {P2B + P4Y,)M^Y + ^aiB^ + a2BY, + ^a^Y^ (3-8) 



In the following, we also use a matrix notation to express this Lagrangian as 

1 

2 

where A^, B, and 77 denote column matrices defined by 



Cgf = -df.B^A'' + B^Mpn + -B^aB, (3-9) 



a and P are 2x2 matrices defined by 

a=h P=(^' (3-11) 

\a2 asj \[5z A/ 
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and T represents the matrix transpose. 

Note here that the Lagrangian (j3-8p or (j3-9p satisfies the first condition of (|3-5p 
and that no more constraints on Qj and /5j are necessary. Consequently, we may 
consider the case such that all the f3i are equal to zero (/3 = 0); in this case, the 
gauge-fixing Lagrangian is identical with that of Lorenz gauge by Yokoyama and 
Kubo (|2-5p (with ai chosen appropriately). We can also take another case that 
02 = /32 = /?3 = (both a and (3 are diagonal); in this case, the gaugeon sector of 
Cqf decouples and the rest of the Lagrangian become identical to that of Yao's 
gauge (1242)1 . 

§4. BRST symmetric theory 

We introduce FP ghost term Cpp into the general gauge-fixing Lagrangian £gf 
given by ([MD or (l3^ . 

= - df.BAf' - d^Y.df'Y + i(3iB + /33K)M7r + {P2B + (3iY,)M'^Y 
+ ^aiB^ + a2BY^ + ^a^Y^ 

- idf,c^d>'c - id^K^d^'K + i{Pic^ + P3K^)M^c + i(/?2C, + P4K^)M^K, 

(4-1) 

where c and c* are usual FP ghost fields and K and are the FP ghost fields for 
gaugeon fields. In the matrix notation, the Lagrangian can be expressed as 

£gf+fp = - df.B^A'' + B^MP 77 + ^ B'^a B 

-id^Cjd^'C + iCjM^pC, (4-2) 
where C and C^, denote column matrices defined by 

'={k)- ^- = (;?.) ■ 

4.1. field equations 

Field equations derived from the Lagrangian £c1+'Cgf+fp are, for non-FP-ghost 



fields, 

Q^j,,. + m2(1 + -^pfiA-^ - j^d'^TT) - d'-B = 0, (4-4) 

+ J^pY (^"^ - ]^^''^) } + /^i^^ + /^sMn = 0, (4-5) 

(□ + m^)p + ^ m^p' + ^p' - eM (1 + -^p) (^A^ - ^O^tt^ = 0, (4-6) 

df.Af' + PiMtt + asK, + aiB + /JsM^y = 0, (4-7) 

(□ + P4M^)Y + asY, + a2B + (isMn = 0, (4-8) 

(□ + PiM^)Y, + (32M^B = 0, (4-9) 
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from which we also have 

(□ + /3iM2)S + /JsM^K = 0. (4-10) 
In the matrix notation ()3-10p and (j3-ll|) , the equations (|4-7p and (I4-8P can be written 

by 

d^A^ + Mpn + aB = 0, (4-11) 

and the equations (|4-9p and (j4-10p by 

(□ + M^/jT)^ = 0. (4-12) 

Field equations for FP ghost fields are given by 

(□ + m2^)C = 0, (4-13) 

(□ + m2/3T)c, = 0, (4-14) 

where we have used the matrix notation (j4-3p and (j3-lip . 
The Proca field can be defined by 

U, = A,-j^d,7:-^d,B, (4-15) 



{n + M^)U^ = 0, (4-16) 



which satisfies 

(□ + M2)L^ 

d^U^" = 0, (4-17) 

where we have assumed the free field approximation, that is, we consider the case 
e ^ but M 7^ 0. 

In the free field approximation, (j4-5p and (j4-7p lead to the field equation for the 
vr field: 

(□ + M^Pi)tt + M^P2Y + M(ai - Pi)B + M(a2 - /^s)^ = 0, (4-18) 
which, together with (|4-8p . may be expressed as 

(□ + M2/3)77 + M(a - ^(11)/?^)^ = 0, (4-19) 
where is a matrix defined by 

4.2. BRST symmetry 

Our Lagrangian Cc\ + £gf+fp is invariant under the BRST transformation, 

SbA^j, = dfj,c, 5btt = Mc, 5bP = 0, 

6bc* = iB, 

5bB = 5bc = 0, 

6bY = K, 
SbK^ = iYt,, 

6bY, = 5bK = 0, (4-21) 
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which can be also expressed as 

SbA^ = di,C, S^n = MC, 6bP = 0, 
JbC* = H3, 

6bI3 = 6bC = 0. (4-22) 

This obviously satisfies the nilpotency, 6b^ = 0. Because of the nilpotency, the 
BRST invariance of £gf+fp can be easily seen if we rewrite the Lagrangian as 



-^^GF+FP = —i^B 
The corresponding BRST current Jg is given by 



(4-23) 



= B^d^C. (4-24) 

Conservation of this current can be easily seen as 

d^J^ = ^^(n - □)C = 0, (4-25) 

where we have used the field equations ()4-12p and (j4-13p . 
The corresponding BRST charge is thus given by 

Qb = j d^xB^'^C = j d^xlB^c + Y^'^K]. (4-26) 

By the help of this charge we can define the physical subspace Vphys as a space of 
states satisfying 

QB|pliys) = 0. (4-27) 

By using this subsidiary condition, we can remove all unphysical modes of this the- 
ory. 2)'^) 

Note that the Proca field defined by (j4-15p is BRST invariant: 

SbU^, = 0. (4-28) 

4.3. q-numher gauge transformation 

We define g-number gauge transformations by 

A^ > = + rd^Y, 

TT — > TT = TT + tMY, 

B^I3, Y^Y, 
c ^ c = c + tK, 

c, ^ c, = c„ K ^K = K, (4-29) 
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where r is a numerical parameter. We also define the transformation for the physical 
Higgs field p, which should be invariant: 

p^p = p. (4-30) 

Note that the Proca filed is also invariant under the transformation: 

U^^U^ = U^. (4-31) 

If we introduce a one-parameter matrix g[T) by 

5(r) = (j (4-32) 

the g-number gauge transformed fields in ()4-29p can be expressed as 

A^, = g{T)A^, n = g{T)n, (4-33) 

B^ = B^g{r)-\ (4-34) 

C = g{T)C, C,'^ = Cjg{Ty\ (4-35) 

where g{T)~^ = g{—T) is the inverse matrix of ^(t). 

Under the g-number gauge transformation Cc\ is invariant while £gf+fp trans- 
forms as 

1 

2 



£gf+fp = - d^B^A^" + B^M^ 77 + - B^a B 



idu,cJd^'C + icjM^f3C, (4-36) 



with a and /3 being 



a = g{T)ag{Tf, (4-37) 

P = g{T) P g{T)-\ (4-38) 

Thus, under the (/-number gauge transformation, the total Lagrangian C = Cd + 
£gf+fp is form invariant: 

C{(j)A,ai,Pj) = C{^A,ai,(3j), (4-39) 
where Qj and Pj are components of the matrices a and $, that is, 

ai = oil + 2a2T + a^T , 

02 = "2 + CtST, 

^2 = /?2 + (/34-/3i)r-/33r2 
/^a = /?3, 

/34 = /?4 - /^ar. (4-40) 
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We emphasize here that this g-number gauge transformation commutes with the 
BRST transformation (j4-2ip . As a result, the BRST charge (j4-26p is invariant under 
the g-number gauge transformation, 

Qb = Qb, (4-41) 
and therefore the physical subspace is also invariant: 

Vphys = Vphys- (4-42) 

4.4. free propagators 

The quadratic part of our Lagrangian Cd + £gf+fp can be written as 

1 1 rr?^ 

/:quadratic = " -^F^.F^^" + —U^U^ + -d^pd^p - — p" 



4 ^ 2 ^ • 2 ^ 2 

—d^B^d/'n + B^M^n ^-^^nB^Eal)^^'B + -B^aB 

M ^ 2M2 ^ ^^^> 2 



-id^Cjd^C + iCjM^!3C, (4-43) 

where C/^ is the Proca field (j4-15p and -E'(ix) is the matrix defied by (j4-20p . This 
expression shows that C/^ and p decouple from other fields 77, B, C and 0^^; F^^, can 
be also expressed as F^i, = d^Ui, — dyU^. The propagators among C/^'s and p is thus 
given by 

(W) = (4-44) 

Any other propagators which include or p are equal to zero. 

Before discussing the propagators for other fields, we first define the quantity, 

^) = det(-p2i + M^I3) 

= {P^f - P^M^t + M^d, (4-46) 

where 1 stands for the unit matrix and 

t = tr/3 = /3i+/34, (4-47) 
d = detp = (4-48) 



Then, we get 



-pH + M^/?)-i = \ i-pH + (4-49) 



where /3 is the cofactor matrix of /3, 



0=[ % -*). (4.50) 
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which satisfies 

PP = PP = detp-l, (4-51) 
/3 + /3 = tr/3- 1. (4-52) 

Note that /3 transforms as /5 = /3 = g{T)(3g{T)^^ under the g-number gauge trans- 
formation. 

The propagators among IJ, B, C and are now given by 



1 Af^ 

(^''^(ii) - M'a') + ^^(^2.^)|2 (P'7 - M^^), (4-53) 

{nB') =— (Vl + ^2/3), (4-54) 



3T\ 





f3) 


M 






(3) 


=0, 




— i 




D{p^; 





(4-55) 



(CC)=;^p^(Vl + M^/3), (4-56) 
, 7 and 6 in (j4-53p are symmetric matrices defined by 

a' =a + PE^u) + E(^ii)P^ - tE^u) = ('^l , (4-57) 

j = -ta' - dEf^u) +Pa + + = , (4-58) 

5 = - da' + pap^ = (^} , (4-59) 



^^2 

which lead to 

a[ = ai - Pi+ /34, 

a2 = a2-/?3, (4-60) 

"3 = "3, 

71 = -aiiPi - Pi) - 2a2/?2 + Pi^ - d, 

72 = -aiPs - 03/32 + PiPs, (4-61) 

73 = -2a2/?3 + 03 (/3i - /34) + /33^ 

51 = ai(-(i + /34^) - 2a2p2Pi + "3/32^ + iPi - Pi)d, 

52 = -aiPsPi + 2a2p2P3 - otzPip2 + Psd, (4-62) 

53 = aiPz^ - 2a2piP3 - asi-d + Pi^). 

It can be easily confirmed that under the g-number gauge transformation (I4-37P and 
(j4-38p the matrices a', 7 and 6 transform as a' = g{T)a' §{7)"^ , 7 = g{T)'yg{T)^ and 
6 = giT)6g{Tf. 

Since = C/^ + d^n/M + d^B/M"^, the propagators for A^^s can be evaluated 
from the propagators for other fields, such as, 



(4-63) 



Gaugeon Formalism for Higgs Model 



13 



M 



Thus, from (j¥i5]) and (f¥53]) - ([¥55]) . we get 



1 



p2 _ ^2 
, P^tPu 



-9tiy + 



PfiPu 



{A^,p) =0, 



M2 [ D{p^-P) D{p^;(3f 
ai-/3i M^{-/ip'^ - SiM"^) 



(A^B) = ip^ 
{A^Y^) =ip^ 



Dip^;P) D{p^-I3f 
p "^ - p^M^ 
D{p^;P) ' 

Q2 M2(72p2 _ 52^2^1 



D{p^;P) 



Dip^;Py 



D{p^-py 

Note here the propagator ()4-65p reads 

g^lv 



{A^A^i 



p2 _ M"^ 
+ M^p^p^ 



(ai - 1) 



PfiPu 

D{p^-f3) 



l-t + d 



+ 



7ip2 -5iM 
{p2-M^)D{p^;P) ' Dip^;Pf 

which shows that {Afj^Au) has the usual ultraviolet behavior, 
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(A^A^) = ] , as 

rather than that of the Proca filed, {U^JJy) = 0(1). 

§5. R^-like gauges 



1 



(4-64) 



(4-65) 
(4-66) 
(4-67) 

(4-68) 

(4-69) 

(4-70) 



(4-71) 



(4-72) 



Our theory includes R^-like gauges. By choosing the gauge-fixing parameters a 
and (5 appropriately, we find that some of the parameters can be considered as a ^ 
parameter. That is, some of the parameter has a property similar to that of the ^ 
parameters of gauge^"-*'^^^ mentioned in §2. 

5.1. Yao's gauge 

We choose the parameters a and (3 as 



a 



r]-^ 1/2 
1/2 



(5-1) 
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then the gauge-fixing term of the Lagrangian is now 

Cgy = B (^^A^' + jMtt^ + + i^y, - d^Y.d^'Y + jM^Y.Y, (5-2) 

up to total derivatives. The first two terms of the right hand side are the same 
gauge-fixing term as Yao's (j2-12p . Furthermore, we can easily see that A^, vr (~ x) 
and B have the same propagators as Yao's (j2-13p . 

Under the g- number gauge transformation ()4-29p . the parameters ^ and rj trans- 
form as 

- = (5-3) 

ri~^ ^ f}~^ = ri~^ + T. (5-4) 

Thus the parameter r/ can be shifted freely. In particular, by using the g-number 
gauge transformation, we can put ^ = ?}; the theory become equivalent to that 
of Fujikawa-Sanda-Lee.^'^^ In contrast to r/, the parameter ^ cannot be shifted. 
Consequently, we cannot take the limit ^ ^ by the g-number gauge transformation. 

In addition to the BRST charge (j4-26p . we can define the following BRST-like 
conserved charges: 

Qb(ko) = j cd^Bd^x, (5-5) 
Qb(y) = j K%Y,d^x, (5-6) 
Qb(ko) = / K%Bd^x, (5-7) 
Q'b{y) = j c%Y,d^x. (5-8) 

All of these satisfy the nilpotency condition. The conservation of these charges are 
due to the fact that in the case of /? = the fields B, y^,, c and K satisfy the 

same Klein-Gordon equation with the same mass squared M^/^. 

Instead of the physical condition (j4-27p . we may consider the condition 

<3B(KO)|phys) = 0, 

QB(Y)lphys) =0, (5-9) 

to define the physical subspace. The unphysical Goldstone mode is removed by the 

(v) 

first equation while the gaugeon modes are removed by the second. Let Vpj^^yg denote 
the space of states satisfying (|5-9p . This space is a subspace of Vphys defined by 

(l¥271l : V^Jy, C Vphys- The definition of the space Vp^yg depends on the parameter 
rj. In fact, under the g-number gauge transformation, the charges Qb(ko) ^^'^ Qb{y) 
transform as 

Qb{ko) Qb{ko) = Qb{ko) + '^Qb{y)^ 

Qb{Y) Qb(Y) = Qb{y) - '^Qb{ko)- (5T0) 
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Consequently, the subspace Vp^y^ transforms into another subspace Vp^yj\ 

(v) 

Let us define a subspace Vyao of the total Fock space V by 

V^l = ker gB(Y) = {|^) e V; Qb(Y)I^) = 0} C V, (5-11) 

which includes Vp^y^ as a subspace. Since the gaugeon modes are excluded from 

(v) (v) 

Vyi^, the space Vyao corresponds to the total Fock space of the Yao's theory. Under 
the g-number gauge transformation this subspace transforms as 



Yao 



V- 



(ri+r) 
Yao 



ker Q 



B(Y) 



c V. 



(5-12) 



Thus various Fock spaces of the Yao's theory (including the theory of Fujikawa, 
Sanda and Lee) corresponding to various values of r] are embedded in the single 
Fock space V of our theorvF^ 



5.2. more complicated cases 

We choose the parameters a and /3 as 



a 



rj-^ 1/2 
1/2 



/3 







/32 



then the determinant D[p'^;(3) and matrices a', 7 and 6 become 

a' = a, 7 = -/32-E(ii), S = -C^(32E(^n). 
Free propagators for and vr are given by 



(5-13) 



(5-14) 
(5-15) 



1 



p2 -M2 



PfiPu 

M2 



+ 



{A.tt) 
(vrvr) 



M2 
iPfi 

1 



1 



P 



2 - e-iM2 

r]-^)M 



(p2 _ ^-iM2)2 



(p2 - ^-1M2)^ 



(p2-^-lM2)2 (p2_^-lM2)3_ 

(^-1 _ ry-l)M2 /^sM^ 



+ 



(5-16) 



r-^-^M- (p2_^-1^2)^ (p2_^-1^2)d 

As easily seen, if we put /32 = 0, the theory becomes Yao's gauge. 

Under the g-number gauge transformation, the parameter ^, rj and f32 transforms 

as 



-1 



-1 



P2 



$2 



= rj 

132- 



1 



+ T, 



(5-17) 



*' If we put /3 = ^ 00), the theory becomes the BRST symmetric version of the gaugeon 
formalism for the Lorenz gauge of Yokoyama and Kubo (|2-5I) . The same gauge structure of the Fock 
spaces as (|5-12p still holds for this theory. 
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The ^ parameter again cannot be shifted. 
A bit different case is 

°=(i72 T)- <*^^*' <^"'*' 

In this case, the determinant D{p'^][5) becomes 

^(p'; /?) = - /5iM2)(p2 _ ^4m2), (5-19) 

and it can be seen that has the same property as the ^ parameter. Under the 
g-number gauge transformation, parameters ai, (32 and /34 transform as 

«!=«!+ r, 

/3i = /3i 

/32 = /92 + (/34 - /?i)t, 

/34 = /34. (5-20) 

Thus, the ^ parameter /3i is again invariant. 

It should be commented that if /92 = the propagators among A^, vr and B 
fields are the same propagators in Yao's gauge with ^ = and r] = a^^ . In this 
case, however, the g-number gauge transformation (l5-20p shifts the value of (32 to 
non-zero so that the propagators no longer maintain the form of Yao's gauge. 

5.3. ^-parameter in general case 

We have exhibited above some examples of the R^-like gauge which are included 
in our theory as the special choices of a and (3. In any of these examples, the ^- 
parameter has been invariant under the g-number gauge transformation. We show 
here that even in more general cases the possible ^-parameter is always invariant 
under the g-number gauge transformation. 

First, we define the gauge of our theory as follows: There exits some gauge- 
fixing parameter(s) denoted by ^ such that in the limit of — > the propagators 
among ^^'s and tt become the propagators of the unitary gauge, that is, 

' {A^A,) ^ {U^U,), 

< (A^vr) ^ 0, (5-21) 
_ (7r7r)^0, 

where {U^Uy) is the propagator for the Proca field (j4-45p . Owing to the equations 
(|4-63p and ()4-64p . the condition ()5-2ip can be read as 

(vrvr) 0, 

{-kB) 0, (5-22) 
{BB) 0. 

We find that from (j4-53p - (|4-55p this condition is equivalent to 



D(p2. ^) = det(-/l + M^(3) oo. 



(5-23) 
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The determinant D{p'^;f5) can be factorized as 

Dip'-d) = (p2 _^-iM2)(p2 _^-1m2), (5.24) 

where and ^2^^ are two eigenvalues of the matrix /3. The condition (j5-23p shows 
that the possible ^-parameter is one or both of the parameters ^1 and .^2- Since the 
eigenvalues of the matrix /? are invariant under the g-number gauge transformation 
(|4-38p . our possible ^-parameters .^1 and/or ^2 cannot be shifted by the ^-number 
gauge transformation. 



§6. Summary and discussion 



Starting from the most general gauge-fixing Lagrangian including Y and 
fields, we present a general form of BRST symmetric gaugeon formalism for the 
Higgs model. Our theory has seven gauge-fixing parameters a, {i = 1,2,3) and Pj 
(j = 1, 2, 3, 4), some of which can be shifted by the g-number gauge transformation. 
The g-number gauge transformation commutes with the BRST transformation. As 
a result, the BRST charge is invariant, Qb = Qb and thus the physical subspace 
Vphys = ker^B is also gauge invariant. 

As a special choice of the gauge- fixing parameters (ai = £0^,02 = £0,03 = 
e; Pj = 0), our theory includes the BRST symmetric version of the gaugeon formalism 
for Lorenz gauge by Yokoyama and Kubo (j2-5p . 

Other choices of the parameters a and /3 lead us to the theories of R^-like gauges. 
Especially, by choosing (j5-ip . we get the gaugeon formalism for the Yao's R^ gauge 
(|2-12p . where one of the two gauge-fixing parameters, rj, can be shifted by the q- 
number gauge transformation. In particular, the g-number gauge transformation 
can shift the rj to be equal to ^, where the theory becomes equivalent to the R^ 
gauge of Fujikawa, Lee and Sanda (j2-lUp . In any case of these R^-like gauges, the 
^-parameter is shown to be invariant under the g-number gauge transformation. 

The invariance of the .^-parameter under the g-number gauge transformation 
might be understood by the following arguments. The propagator {Afj_A^) in the R^ 
gauge of Fujikawa, Lee and Sanda is given by 

1 



M2 



PfiPu 



PtJiPv 



J M2(p2 _^-iM2)' 



(6-1) 



Now assume that there might exist a g-number gauge transformation = + 
rd^A, under which the ^-parameter would transform into ^ = ^ -|- ^). Then, 

(i^i,) - (A^A,) = T {{A^d.A) + (d^AA,)) + T^{d^Ad,A) 



PfiPu 1 

' M2 

PfiPiy 

' M2 p2 _ ^-1M2 

p^p^ r AM^ 



1 



p2 - + Z\^)-lM2 



1 



p^ 



e-iM2 



M2 



+ 



-e-iM2 



(p2_^-lM2)2 (p2_^-lM2) 



+ • 



(6-2) 
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where AM"^ = + A^y^M"^ - ^"^M^. This shows that the field A should include 
dipole modes, tripole modes, quadrapole modes, . . . , and any other higher-pole 
modes. The Y field of our theory, however, does not satisfies this condition: Y 
includes at most quadrapole modes (see, for example, (j4-53p ). Thus we may infer 
that the gaugeon formalism with ^-parameter which might be shifted by the q- 
number gauge transformation, if exists, would require infinite series of multi-pole 
fields (n-pole fields with n = 2, 3, 4, • • • ). 

We have seen in the section 5-1 that the Fock space of Yao's gauge is embed- 
ded in the total Fock space of our theory (if we choose 03 = 0, /? = In the 
arguments, the four BRST-like charges (j5-5p - ()5-8p (or equivalently, Qb(ko)) Qb(y)) 
Ob(ko) ^'^^ Ob(Y)) play ^-ii essential role. Similar arguments on the gauge structure 
of the Fock spaces are applicable to the theory in Lorenz gauge of Yokoyama and 
Kubo (/3 = 0), since the four BRST-like charges ()5-5p - (|5-8p also exist in this gauge. 
Here we shall consider the number of the conserved BRST-like charges in general 
case, and in what case the number becomes four. A BRST-like current may be 
expressed as 

4 = B^Rd^C, (6-3) 

where i? is a real and constant 2x2 matrix. By using the field equations (j4-12p and 
(|4-13p we can evaluate the divergence of the current: 

d^ji^ = B^{-U)RC + B^RUC 

= B'^M^ipR- Rp)C. (6-4) 

Thus, the current is conserved if and only if 

[R,P]=0. (6-5) 

The number of the independent matrices R satisfying (j6-5p is just the number of 
the conserved BRST-like charges. If /? is not proportional to the unit matrix, two 
types of the matrix R = const, x 1 and R = const, x /? commute with P, thus in this 
case the number of the conserved BRST-like charges is two. On the other hand, if 
P = const. X 1, an arbitrary matrix R commutes with the P, thus there exist four 
independent conserved BRST-like charges in this case. This is nothing but the case 
of Yao's gauge (/3 = and the Lorenz gauge of Yokoyama and Kubo (/? = 0); 

no other case ensures the existence of four conserved currents. 
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